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The three of us have written this note to discuss Mel Henriksen’s joint paper with us,
Joincompact spaces, continuous lattices and C∗-algebras. In this paper we learned that the
space of closed primal ideals of a C∗-algebra is a continuous lattice, so it is joincompact
when equipped with the lower and Scott topologies. In addition to its mathematics, we
discuss how Mel brought us into this work, and his and its continuing inﬂuence on us.
© 2011 Elsevier B.V. All rights reserved.
1. HowMel brought us into this
Mack: The blending of the bitopological and continuous lattice approaches in our paper with Mel [13] reminds me of a
paper by Prof. Henriksen, which I ﬁrst read while I was a graduate student at Purdue. In 1956, Mel published a one and
a half page paper [10] in the Proceedings of the American Mathematical Society entitled: On the equivalence of the ring,
lattice, and semigroup of continuous functions. The one theorem in that paper deals with the ring C(X), the lattice L(X) and
multiplicative semigroup S(X) of real valued continuous functions on a topological space X .
Theorem 1.1. For any topological spaces X, Y , the following are equivalent:
(1) C(X) and C(Y ) are isomorphic (as rings).
(2) L(X) and L(Y ) are isomorphic (as lattices).
(3) S(X) and S(Y ) are isomorphic (as semigroups).
This short, succinct result fascinated the Purdue graduate students. What it told us is that the real line R is so rich in
structure that if one restricts one’s attention, separately, to the order, or to the topology or to the multiplicative structure
of R, then the remaining structure can be resurrected from that small piece. Also, we learned that Mel was seeking to erase
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was the hallmark of Mel’s life and career.
Kopperman: How Mel drove me to asymmetry: My ﬁrst recollection of Mel was when I spoke at the Claremont Colleges
colloquium to audition for a visiting position during my 1980-1 sabbatical. I got the job, and Mel arranged for me to speak
at his seminar. After my talk on generalized quasimetric spaces (deﬁned below; see [16] for more details) dragged on for
three sessions, Mel walked me around the campus and said “All this theory is ﬁne, but what have you done for me lately?”.
Speciﬁcally, Mel wanted a generalized quasimetric which would give rise to the hull-kernel topology on the space Spec(R)
of prime ideals of a commutative ring with identity R; this is generated by all sets of the form: hc(a) = { J ∈ Spec(R): a /∈ J }
for a ∈ R . Here is a deﬁnition which skips some details which evolved between [16] and [6]:
Deﬁnition 1.2. A generalized quasimetric space is (X,q, A, P ), where (A,+,,0,∞) is a partially ordered abelian semigroup
with identity 0, such that 0 a ∞ for each a ∈ A, together with a set X , and a quasimetric on X : a q : X × X → A such
that whenever x, y, z ∈ X :
(sd0) q(x, x) = 0 and
(tri) q(x, z) q(x, y) + q(y, z),
and also with a set of positives: a subset P ⊆ A such that ∧ P = 0 and whenever r, s ∈ P , there is a q ∈ P such that q+q r
and q + q s. We abuse notation by letting X denote (X,q, A, P ).
A generalized quasimetric space is symmetric, resp. t0, if for each x, y ∈ X :
(sym) q(x, y) = q(y, x), resp.
(t0) q(x, y) = q(y, x) = 0 ⇒ x = y.
A generalized metric space is a symmetric, t0 generalized quasimetric space (that is, it satisﬁes the metric axioms, (sd0),
(tri), (sym) and (t0)).
The dual of a generalized quasimetric space X = (X,q, A, P ), is X∗ = (X,q∗, A, P ), and its symmetrization, Xs =
(X,qs, A, P ).
A generalized quasimetric space has an associated topology, τX , in which T is open iff whenever x ∈ T then Nr(x) ⊆ T for
some r ∈ P (where Nr(x) = {y: d(x, y) r}).
Theorem 1.3. For each generalized quasimetric space X, τX is a topology and each topology is τX for some generalized quasimetric
space X. Also, τX is T0 iff X is t0, and a topology τ is completely regular iff τ = τX for some symmetric X .
By Theorem 3, τXs is always completely regular.
Mel’s question had a pretty answer: For any collection M (for “Mel”) of subsets of a set R , deﬁne M = (M,q, A, P ), where
A = 2R , the set of subsets of R (with + = ∪,0 = ∅,=⊆,∞ = R) let q : M × M → A, be set difference: q(I, J ) = J \ I , and
let P = {R \ F : F ﬁnite}. It is easy to check the rules (sd0) and (tri), as well as (t0) (or see [12]). It is also easy to see that
P is a set of positives in 2R .
For any set M of subsets of any set R , if I ∈ M and F ⊆ M is ﬁnite, then NR\F (I) =⋂a∈F\I hc(a). Thus in the case where
R is a commutative ring with identity and M = Spec(R), the generalized quasimetric space (M,q, A, P ) yields the hull-kernel
topology.
But we have deﬁned (M,q, A, P ) for any set M of subsets of any set R , leading to a wide generalization of the classical
case, and to questions on how to use this structure.
When X is t0, then Xs is clearly a generalized metric space. Also, for any generalized quasimetric space, τXs is compact
iff Xs is complete and totally bounded.
The space Ms is always totally bounded, since for each r ∈ P , r = R \ F for some ﬁnite F ⊆ R. If for some I ∈ M, I ∩ F = G ,
let IG ∈ M, IG ∩ F = G . Then M =⋃G⊆F {I ∈ M: I ∩ F = G} =
⋃
∃I∈M,I∩F=G NsR\F (IG), which is a ﬁnite union of balls of radius
r since F has ﬁnitely many subsets.
It turns out that the completeness of M can be characterized in terms of relations: A guided relation on a set R is
a quadruple ( f ,m,n,k), where m,n ∈ N, f ⊆ Rm+n × R is a relation, and k ∈ {0,1}. The space M is relationally closed if
there is a set D of guided relations, such that I ∈ M ⇔ for each ( f ,m,n,k) ∈ D , (a1, . . . ,am+n,b) ∈ f , if a1, . . . ,am ∈ I and
am+1, . . . ,am+n /∈ I , then b ∈ Cok(I), where Co0(I) = I and Co1(I) = R \ I . Then Ms is compact iff Ms is complete, iff M is
relationally closed. As an example, for D = {(+,2,0,0), (·,2,0,0), (·,1,1,0), (·,0,2,1), ({0},0,0,0)}, this would require that
if a1,a2 ∈ I then a + b,ab ∈ I , if a1 ∈ I,a2 /∈ I then a1a2 ∈ I , if a1,a2 /∈ I then a1a2 /∈ I , and 0 ∈ I , so using this D the space
of prime ideals is compact with respect to qs .
It is not hard to see that τXs is the join of τX and τX∗ , so the latter are also compact in this situation, but are rarely
Hausdorff. In fact, for I, J ∈ M, I ⊆ J ⇔ q( J , I) = 0 ⇔ ∀r ∈ P , J ∈ Nr(I) ⇔ J ∈ cl({I}). So M is T1 iff no distinct members
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compact in τM .
The paper [12] also discusses the deﬁnability of such algebraic constructs as annihilator and radical in terms of the
generalized quasimetric structure.
Then Douglas Somerset came into our lives and asked about certain spaces of closed ideals in C∗-algebras. We scurried
off and looked for convenient generalized quasimetrics.
Somerset: The ﬁrst time that I heard Mel speak was in Oxford about 1988. His theme was his joint paper [5] which showed
that the space of minimal prime ideals of C(X) need not be basically disconnected. There was a lot about prime ideals of
C(X). The subject was completely unfamiliar to me (I was working in C∗-algebras) and I remember saying to my D. Phil.
supervisor afterwards, “I thought that every prime ideal in C(X) was maximal”. “So did I”, was his quizzical reply.
Soon afterwards Ralph Kopperman spoke in Oxford on his joint paper with Mel, “A general theory of structure spaces
with applications to spaces of prime ideals”. By this time I had learned that there was such a thing as a prime ideal which
is non-closed in the algebra norm. Ralph talked about his work on generalized quasimetrics and then related what Mel’s
response had been: “Tell me about something that interests me: tell me about minimal prime ideals!”. The result was the
joint paper [12].
The two topologies (patch and hull-kernel) that Ralph was talking about on the space of prime ideals of C(X) were
similar to two topologies (introduced by Rob Archbold) that I had been studying on the space of primal ideals of a C∗-
algebra. (An ideal I is primal if whenever J1, . . . , Jn is a ﬁnite collection of ideals satisfying J1 . . . Jn = {0} then J i ⊆ I for
at least one i.) I spoke to Ralph afterwards and got a copy of his joint draft with Mel. “The ﬁnal four lines are in Greek”, he
told me. “Literally. I forgot to press an escape key.” This was my initiation into the surreal world of Mel Henriksen.
The upshot was a collaboration with Mel and Ralph trying to ﬁnd the explanation for these similar topologies. Ralph
was then staying at the South Bank Polytechnic in London, and the only time that we all physically met to collaborate was
at this college. I found that Mel and Ralph did not seem to need lunch the way ordinary people do. When we ﬁnally got
out to a cafe, in what seemed to me a rough area of town, I was uneasy with the attention that my American friends were
attracting. They, however, were oblivious, talking in loud voices about bitopologies and generalized quasimetrics.
The paper [13] had a diﬃcult gestation. I was supposed to be handling the C∗-algebras side of the paper but I was so
slow that John Mack was brought in. He was able to extend the theory to non-unital C∗-algebras. Mel was the editor but
he resigned in despair. The next day he sent an e-mail entitled “Shall I unresign?”. The paper bounced at least once but
eventually the acceptance e-mail arrived with an annotation from Ralph, “Read this and grin!”.
2. The paper
The paper [13] draws together ideas from four different areas of mathematics that, on the surface, appear to be unrelated:
(1) Nachbin’s compact ordered spaces [22].
(2) Bitopological spaces [15], speciﬁcally, joincompact spaces [17] and Kopperman’s continuity spaces [16].
(3) Continuous lattices and continuous posets [8].
(4) Representation of C∗-algebras [4] and [2].
The idea that ties all of these disparate concepts together is the fact that each structure is embeddable, within an
appropriate category, into a product of intervals [0,1]. Since we are looking at different categories the object associated
with [0,1] differs: As a topological space, of course, [0,1] denotes ([0,1],Eu), where Eu is the usual Euclidean topology
on the interval; as a topological ordered space, [0,1] denotes ([0,1],Eu,), where  is the usual order on the interval.
As a bitopological space, [0,1] means ([0,1], σ ,ω), where σ = {(a,1]: a ∈ [0,1]} ∪ {[0,1]} (the upper topology) and ω =
{[0,a): a ∈ [0,1]} ∪ {[0,1]} (the lower topology). It also turns out that  is a continuous lattice order on [0,1] (deﬁned
below).
Deﬁnition 2.1. A compact ordered space (X, τ ,) is a compact Hausdorff space (X, τ ) with a partial order  which has a
closed graph.
Theorem 2.2. ([22])
(a) For any compact ordered space (X, τ ,), the set of all continuous order preserving functions F from the space to [0,1] separates
points of X .
(b) The family F generates an order preserving homeomorphic embedding of (X, τ ,) into the product of intervals [0,1]F .
Remark 2.3. The Henriksen–Kopperman paper [12] and the Henriksen–Jerison paper [11] were precursors to [13]. In [12] a
certain set of prime ideals of a commutative ring was identiﬁed as an algebraic lattice. This drew the authors’ attention to
continuous lattices, since every algebraic lattice is continuous.
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where y is way below x if whenever x sup D , D a directed set, then y  d for some d ∈ D (see [8, 1.1, p. 38]).
Theorem 2.5. ([8, 2.19, p. 201])
(a) For any continuous lattice L, there exists an injective morphism of L into a product of intervals [0,1]Γ which preserves inﬁma and
directed suprema.
(b) If L is a complete sublattice of [0,1]Γ which contains the inﬁmum of each subset of L and the supremum of each directed subset
of L, then L is a continuous lattice.
Deﬁnition 2.6. A bitopological space (X, τ , τ ∗) is joincompact if the join τ ∨ τ ∗ is compact and T0 and both (X, τ , τ ∗) and
its bitopological dual, (X, τ ∗, τ ) are pH, where a space (Y , ν, ν∗) is pseudoHausdorff (pH) if whenever x /∈ cl({y}) then there
are disjoint T ∈ ν , U ∈ ν∗ such that x ∈ T and y ∈ U . (In [23] the equivalent notion of pairwise regular τ ∨ τ ∗-compact
spaces is discussed.)
A topological space (X, τ ) is skew compact if there is another topology, τ ∗ on X , such that (X, τ , τ ∗) is joincompact.
This τ ∗ is unique; it is the de Groot (or cocompact) dual: (see [9,17]) the topology whose closed sets are generated by those
compact sets K such that x ∈ K ⇒ cl({x}) ⊆ K .
Theorem 2.7.
(a) A bitopological space (X, τ , τ ∗) is joincompact if and only if (X, τ ∗, τ ) is joincompact.
(b) A bitopological space (X, τ , τ ∗) is joincompact if and only if there is a bitopological embedding of (X, τ , τ ∗) onto a subspace of a
product of intervals [0,1]Γ , which is closed with respect to the usual product topology on [0,1]Γ .
Thus the product of intervals is a model for continuous lattices in a similar manner to the way in which the product of
intervals is a model for joincompact bitopological spaces.
Given a topology τ , its specialization order, τ is deﬁned by xτ y ⇔ x ∈ cl({y}).
Theorem 2.8.
(a) If (X, τ , τ ∗) is a joincompact bitopological space, then (X, τ ∨ τ ∗,) is a compact ordered space when  is the specialization
order τ .
(b) If (X, T ,) is a compact ordered space, then (X, τ , τ ∗) is a joincompact space when τ is the set of all T -open lower sets and τ ∗
consists of the T -open upper sets.
Theorem 2.9.
(a) If L is a continuous lattice, then (L,ω,σ ) is joincompact for the lower topology ω and the Scott topology σ , in which a set T is
open if and only if, whenever sup D ∈ T and D is directed, then D meets T . Thus in this case σ is the de Groot dual, of ω (as in the
case of ([0,1], σ )).
(b) ([8, p. 259]) If (X, τ , τ ∗) is a joincompact bitopological space then the topology τ with the set inclusion order, is a continuous
lattice. Furthermore, the map x → X \ cl{x} is order preserving and injective from X with the τ ∗ specialization order, to the
lattice τ .
3. After the paper
Mack: In attempting to apply, in other contexts, any of the approaches used in [13], one is led to ask: Which, of the theories:
lattice, ordered space or joincompact space, is more basic and useful in those applications? Most often, the joincompact
space approach will work best. For any algebra A, there is a natural topology on the ideal space of A, which reduces to
the hull-kernel topology on the set of prime ideals. If this natural topology is skew compact, then the ideal space with
this topology and its de Groot dual is joincompact. In [21] Mack has used this scheme to obtain a bitopological bundle
representation of a C∗-algebra as an algebra of continuous sections.
Likewise, Somerset (see [24] and [25]) has used the techniques of [13] and the results in the paper [11] by Henriksen
and Jerison to show:
Theorem 3.1. If R is a semiprime Banach algebra in which every family of mutually orthogonal ideals is countable, then the subspace
Min Spec(R), of minimal ideals in Spec(R), is compact and extremally disconnected and every minimal primal ideal is prime.
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in [12], often the most is learned by looking directly at that structure. The generalized quasimetric space M lacks symmetry,
and due to this lack it yields three topologies, τX , τX∗ , τXs . Since Nsr/2(x) ⊆ Nr/2(x)∩N∗r/2(x) ⊆ Nsr (x), τXs is the join, τX ∨τX∗ ;
thus all three topologies arise from τX and τX∗ .
Bitopology is the study of spaces with two topologies, (X, τ , τ ∗). As much of topology depends on the central space
[0,1] with the usual topology, and the relationship between general spaces and this one, much of bitopology depends on
the central space I = ([0,1], σ ,ω).
For example, a bitopological space (X, τ , τ ∗), is completely regular if whenever x ∈ T ∈ τ , there is a function f so that
f (x) = 1 and f [X \ T ] = {0} and f : (X, τ , τ ∗) → I is pairwise continuous (that is, continuous from (X, τ ) to ([0,1], σ ) and
from (X, τ ∗) to ([0,1],ω)). The other bitopological separation axioms are designed to maintain the implications Ti ⇒ T j,
j < i and respect the specialization order; for example, (X, τ , τ ∗) is T1 if x /∈ cl({y}) ⇒ y /∈ cl∗({x}), and τ is a T0 topology.
It is normal if whenever C, D are disjoint, C closed in τ , D closed in τ ∗ , then there are disjoint T ∈ τ , U ∈ τ ∗ such that
D ⊆ T and C ⊆ U , and it is T4 if normal and τ is T0. In [17], it is shown:
The full subcategory of joincompact spaces, like that of compact Hausdorff spaces, has products and τ s-closed subspaces
so inverse limits of joincompact spaces are joincompact. Among skew compact spaces are the compact Hausdorff spaces and
the ﬁnite T0-spaces. This raises the possibility of approximating the former using the latter, and Richard Wilson and I found
that each compact Hausdorff space is the Hausdorff reﬂection (and simultaneously, the subspace of specialization-minimal
points) of an inverse limit of ﬁnite T0-spaces and continuous maps. Unfortunately (as Mel might say), Alexandroff [1] had
stolen these results from us about 60 years earlier, but the bitopological view gives rise to different insights. Among the
resulting papers, [18] is my favorite.
A question arising from domain theory asks “which topological spaces are the maximal point subspaces of a Scott
domain?”. Our answer: those (X, τ ) such that for some compact T1 topology τ ∗ on X , (X, τ , τ ∗) is completely regular. See
[20] and [14] for discussion of the question, and [19] for our answer.
Somerset: The upshot for me was an interest in minimal (non-closed) primal ideals in C∗-algebras and Banach algebras.
I wrote two papers on those, [24] and [25], and then a further two papers on minimal closed primal ideals in the local
multiplier algebra of a C∗-algebra [26,27] where the same phenomena occur. Recently Rob Archbold and I have found the
same features again among the minimal closed primal ideals of the multiplier algebra of a stable C∗-algebra. So the seminal
Henriksen–Jerison paper [11], published in the year I was born, is still being read with interest.
Another development was an attempt to ﬁnd a joincompact structure on the lattice Id(A) of closed ideals of a general
Banach algebra A. Ferdinand Beckhoff had led the way [3], but he had not considered the dual topology. In fact it turns
out to be easier to start with the “dual” topology τu and then deﬁne its de Groot dual τn . The topology τn arises in several
distinct ways but none of the equivalent deﬁnitions is easy to work with.
In [28] and [7] a study was made of the bitopological space (Id(A), τu, τn) and examples were given of Banach algebras
A for which this bitopological space is or is not joincompact. For instance it is joincompact if A is ﬁnite-dimensional but
not if A is the disc algebra or if A is separable Hilbert space with the zero multiplication (in which case the closed ideals of
A are the closed subspaces) [29]. The case of other inﬁnite-dimensional Banach spaces with the zero multiplication remains
open.
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